It is shown that for pairs of electron densities ( and " ) obtained from mixing orbital densities in a spin-compensated four-electron system, the kinetic energy functional of the non-interacting reference system (T s ½) satisfies the general inequality
where È s are the trial functions of the single determinant form, is one of the key subjects in density functional theory. Although it is not used directly in the KohnSham equations [2] , a good approximation to T s ½ and the associated functional derivative would result in practical pay-offs owing to the possibility of partial or complete elimination of orbitals (for a review, see [3] , for instance).
One of the strategies to approximate the kinetic energy functional T s ½ in a reference system of noninteracting electrons is based on gradient expansion [4] T GEA ½ ¼ X 1
n¼0
T 2n ½ ¼ X 1 n¼0 Z t 2n ððrÞ; rðrÞ; . . .Þ dr:
For atomic and molecular systems, the zero-order term derived by Thomas and Fermi [5] , which reads
underestimates T s ½ by about 10%, whereas adding the second-order term of the analytic form given by von Weizs€acker [6] ,
provides a significantly better approximation. The second-order term in the regular gradient expansion multiplied by a factor of 9 (T W s ½) also provides the exact expression for the kinetic energy in one-electron and spin-compensated two-electron systems. The T W s ½ term therefore appears to be indispensable in constructing approximations to T s ½ for atomic and molecular systems. In fact, attempts were made to construct approximations to T s ½ in which the whole (not divided by 9) T 
Our long-standing interest lies in approximating the non-additive component of T s ½, which is formally a bi-functional depending on two electron densities ( A and B ):
where T nad s ½ A ; B is a key subject in the subsystem formulation of density functional theory [8] and in the orbital-free embedding formalism [9] . Note that, in this work, we use the symbols , A , and B to denote general electron densities-functions which are arguments of the relevant functionals. All other symbols are used to denote specific electron densities.
Dedicated studies on the accuracy of various approximations to T nad s ½ A ; B have revealed the intriguing fact that the zero-order term in the gradient expansion provides a significantly better overall approximation to T nad s ½ A ; B than does the sum of zero-and secondorder terms [10] .
To reconcile the two observations concerning the impact of the second-order term in the gradient expansion on the overall accuracy of the two closely related functionals (improvement of the accuracy of T s ½ and worsening of the accuracy of T nad s ½ A ; B ), we turned to systems for which exact properties of T nad s ½ A ; B can be derived [11] . This paper reports another such case for which the analytic form of T nad s ½ A ; B exists. We consider the pairs of electron densities obtained from a mixing of orbital densities in a spin-compensated four-electron system:
and
where 0 < < 1, and f 1 and f 2 are the Kohn-Sham orbitals for a given external potential v ext , which is associated, via the first Hohenberg-Kohn theorem, with the ground-state electron density ð4Þ 0 . Each of the considered Kohn-Sham orbitals is doubly occupied and generates the corresponding orbital density ( 1 ¼ 2jf 1 j 2 and 2 ¼ 2jf 2 j 2 ). The cases ¼ 0 and ¼ 1 will not be considered here because they do not result in mixing of orbital densities.
The total ground-state electron density of the whole system is
All the considered electron densities,
, and
, are N-representable. In the following, we exploit the fact that the exact analytic expressions for the non-additive kinetic energy functional can be derived for all these electron densities. For spincompensated electron densities comprising two electrons
, or
), the kinetic energy is given by the von Weizsa¨cker functional 
It is worth noting that equation (11) : ð12Þ
Combining equations (10)- (12) 
The function f ðÞ is non-negative. As a consequence, T is also non-negative. It equals zero only for such pairs 1 and 2 for which 1 = 2 ¼ const.
Equations (14) and (15) We note that the electron densities 
=2Þ
1=2 . Following the Levy 'constrained search' definition of T s ½, the above inequality implies that the 'density orbitals' f and f " cannot be orthogonal.
We now return to the issue of the opposite effects of the second-order term on the accuracy of T s ½ and T s ½ A ; B . The second-order term in the gradient expansion leads to the following expression for any pair of electron densities [9] : as A and B in equation (17) leads to a negative contribution to the non-additive kinetic energy bi-functional. The opposite signs of the exactand second-order contributions to the non-additive kinetic energy bi-functional in the considered systems indicate a serious flaw of the von Weizs€acker functional. Any approximation to the functional T s ½, comprising terms of the analytic form of the von Weizs€acker functional, should be constructed in such a way that the negative contribution due to T nadðWÞ s ½ A ; B is properly counterbalanced by other terms in order to avoid a non-physical negative value of the total non-additive kinetic energy functional, otherwise mixing of orbital densities becomes energetically favourable. Our numerical analyses showed that the positive contributions to T nad s ½ A ; B due to the zero-order term in the gradient expansion are too small, especially for small electron densities [10] .
Finally, we emphasize that the applied considerations leading to the positivity of T .
